STICHTING
. MATHEMATISCH CENTRUM
2e BOERHAAVESTRAAT 49
AMSTERD AM
TOEGEPASTE WISKUNDE
y 2olutions of the equation of Helmholtz in an angle. II




integral,the inte

lation. The latter
nection with the

This method is a

G-problem is solved
presented essent:

which is a sectionally

latter problem may

g1lm W< ¢ +5m and s ymmetrlic Wi

in the strip ¢.,sxsIm ws ¢ .45 ar

If in the common regi

a Hilbert

diie Wﬁ—qﬂ:ﬂ'

involves

problem in tt

)
=

ffactorisatic
Ictorisatlo

be equivalent to the abovementior
I

The final fo

f'ormed

2) C£f, D. van Dantz]







PR |
ana

5 0 A A

1O

¥
L

nve

EjE

PeX

»omDn 1

~

bl

Nne

v
i




A A 1A <743
an analytic

line-source

follows




advant

i 6

c

v

re

~—~

v

>Tion:

y

O
</

metry

M

VAt
v <

Jump

onsider

(

iy O
_LOW1L

'ollo

71 NE

at
o Ul

—

rpt

mo

@
=

N &
L1

O




i ) and (2.23) is obtained
Stitution of this result in (2 ( (
¢ g & L BiC
F)
QO Q
‘ o+ (
8 { { 1343
G(P,¢,r ,0 ) = =a / J cos(rshu)sin(r_shu ) glutie)
6% i )1 J . 0 0 p
-0 =00 0 :
g(u_+ 1({)0)
. ! Q;"»L)_.w.-;._‘.__-- du
och u( £ g nY ( 1715 en)
chy(u_+i¢_)-chv(u+ie)
b Re y. >Re g
b Re f,>Re {,
o A e o it 5 g
¢ nt as in the previous case | ‘ ]

ety WES EZERE

(\ 2 a0 3 ) P ( W > o ——‘:)’" / S ( Il(.‘ shu C) ) sh vw
i 2% “00 /( | LRt 0t (8 )

3
U _Ti@

s au
ch v(
9) 0 \







3
blane, 1.,e,
also a meaning for
considered
° /!) the
positive
A o ~ % b A ) RS /. =
values of r, In order to carryv out the we need a few
SR iarvy formulae We have +F o 5 dino Snhtaorno ] - I - 2
uxiliary formulae, We have the following integral representation
of the modified Bessel function K
0
; 3 00
i e —~\,_“!’-.,- Pl 1748 A~ 2~ ] R R e
\J . :Z exp-iych(ut+ic)+ix sh(u+ic ) du,
‘.’\,l‘)
converg

Y1 £ » 1 . .
¢ ))> CXpuiiwdQN~iP sh(u+1lq~wj§)§du.

1@

na
—
=
HA
d
X))
8

relation

Further we gwcjb¢

of which can be determined in the

Maxes -a =

following

- / A
| xptirasht)de =

) A O
.

L ~

(€8] .
' 2 - : / :
= - ] dz = -x 'r_chu @a;kLrosnw)




Toh cantIyrma (D 4
CE CORT Lrms ‘\ N
A function atis a some boun

LGLensS earn be eonsi

and a functic

prooil of the jump cond

I Y o 1 = A e f
10 C8n pe € 1S1LY d that

1
i

This function




assuming that (cf. I(5.17))
2 \
)i =4 ~ - - ; ~
(w.&) <8 <ar = Re J. <8 3

In that case we know from I(5.19) and I
solution of the F-problem can be writte

The function H(w) is holomorphic in the
that the representation (4.2) gives a
gtigle (¢f,.Z(5,465)

iy T = PR e
(4. 5) P4=2TC THE [, <@P2¢ 15T +

ot
»)

which

G

®

P.<¢<g, will

Q3

{1 > 4= TA i VL e e 1
\-Drend ) that the 144 < 11
i e
X 3 T
1 «-J_(,fl)' is
strip (4.3) so
- N o




witere &.=+1 for ]

J )

Then the boundary condit

at @ =¢, gives

00 -lie.rshw
74y 2 \ f )

2 - " { L7 A (
(4.8) o8 . g.(w)dshw = O,

- 00

The conditions (4.8) should be fulfilled for r » O only so that it
1s sufficlent to assume that g, (w) is holomorphic in the upper
B o e R e L P R T e e L T et
strip O ¢<Im w<w and g.(w) holomorphic in the -k <Imw<O0,

that g)(w) is symmetric with respect to

4.2 //,."‘l g 4 7" =X
_wJ!LXJ),UJ<w L@J LéJ).

]
J

mon strip

paEnt: of

formulated as representing a generalization of a Hilbert problem o




from the w-plane into the complex z-plane by mecans of z=shw we

obtain with a similar notation

valid for real z, where h_(z),h,(z) and are given functions and
’ , re gi functions an

WnNnere 374 4 e % a4 o4 r s = Vel ¥ »nh i n ~ -1 1 T.F 3
vhere it is red that Jﬁ(z) 15 holomorphic in the upper halfplane

i
32 >0 and z) is holomorphic in
e

lower halfplane Im z <O,

Hoaneao ) = o2 (N e : N = 4
Hence (4.15 resents a Hilbert problem on the real axis of the

z-plane, the solution of which involves

of the quotient hq(z)/hp(z),
O

The more the
JLLC
z~plane which ;
ajger

Therefore (4.1!

ion involves the following factorisation.

T - A W T PCNPR & | A o A N e T ~ \ -
o find functions nJ(w), J=1,2, which are free from poles a
5 +he at+ndn L - Hars n! : - ! s
A in the strip ¢.-s=x <Ilmw<¢.+5w , which are symmetric with respect to

ie¢, and

From the svmmetrv relats ona ~f +le 17 (o) . -
the symmetry relations of the dj\v) e may deprive el of
functional relations by using (4.12)

(4.17)

TT (, = \ \ i
H (1¢.-w) h.(i¢.-w) sh(w-iy.)
o\t el bR S
BUut " These aprcsoxact v the Prornetd Ama] v e . a4 . . .
©S€ are exactly the functional relations of the function H(w)
discussed in I(5.20) and I(5.22),
‘V“—".}"(‘T"‘(:‘fl(“?’) 3 e e e R SRS T 5 &7
Therefore the netion Hilw)- cari be . Jdertifiad warh 49 ‘ & ;
| the f Unevion “[*r\,( \..) Catl pe - lderntified ‘wlkth the la vler lunec uvilen
H(w)
T AR A n Rmaaty R o [ ) T : 1
Hence a factorisa C1LOn \/:- Sl /‘ 1.8 obtalined by
ptained by

P e
.
LA
S
v
4
~—~
—
Il
B
s

A

i

~ L‘ﬂ'i 5 T we
e a oy o i R et o S ) f ~ -1
LeEie 11 ) ana a pole i 50/:% +f~) on the
3 1 B " A ~ " 1 & %)
1 a pole i(?ﬂ-%~1') on the lower side

A S A 4 vy 3 O 4 2 A - £
point«an ~eggencilgil-ge “of the'tin-




ylomorphic in the strip

¥

be inter-

which is holomorphic in

omo
L VLU

symmetric in the lower strip

=T <Im W< &, and 171/,,-/\'.:) is holomorphic and

strip ®«, < Im w <&+ (see figure 1)

7

/ / / /
/ > > : 7 7 / o > / A %
/ / A A / / / / /
/ £ / 3 . 7 X /
/ ol / 5 / b /
/ / 75~ p y
) 7 S . p / 7
P e R / o / G
N . ¢, - 3w
& P2~ 2
~
o LG
lo,
~
~




where LW
with Re

and

’ - > & = T ASORE =
by —FA—A—L 1y Al B

/e W
N

= A __). e —

— S &,

— — 4w




In order to
halfplane case ¢_,=0,

from (4,1-

the halfplane

cos ¢ +(y+3

\ Vv

q)Sin

to the X axis

5>
{‘Lgu.e 3

kind of "obligue reflecti

J

the angle and a

2 1
£l

The

By using

'\‘1',.’.':

correction

following

have




A7
‘[ kﬁ(w\)wk?(w\) shv(wo-1¢?)

L, A chw(w _-i¢. )-ch (w-1i¢,) ’
O | !

[ exp rqch(wﬁw21¢4+i¢3) exp r_(w_ -2ig +ig_)
@ U | ( ~Ae)

~
(

L, H(~w)+21@ﬂ) H(mwﬁ+21¢;)

f L! is the reflection of the path Lq with respect to w =i¢, with

0 H

e W running from +o0o to -oo and if L' is the reflection with
: |

respeet.co W =1l¢, with Re W running from -oo to +00 then the latter
O LAY ) S

expression may be changed into

=

J/ exp r ch(w_-i ¢, ) sh yv( W o-ig,)

g

——eeee W

(4.27)

Lj —!—j;,.,’; H( ‘o) ch v( wo-ig,)-chr(w-i P )

|
1

The denominator chy(w -i¢,)-chv(w-i¢,.) gives two poles w =w and

W =21¢,-w lying between L% ang ‘1., There are no other poles in this

0
strip. If the expression (4.27) is substituted in the third term on
4-
U

poiles W =W and
@)

the right-hand side of (4.25)

N3 anoa 1 A Yoot A T A ed +1h e S o J
W =-21lq,-w cancel the first and the second term on the right-hand
side of (4.25). Therefore we obtain the result

00 +1LC

o8 .o xG(rjy,pO,¢o) = ]J cxp{nrch(wuly)}ﬂ(w)dw

ahn pl el

f : , 1;1:,,1}(‘]’ L@ )

f exp{r _ch(w _-ig );H—i(wo) el

L S g - chv(wo~1¢1)n“hv(wui¢q)

where the path L is of the form of I il Rl
The expression (4.28) is no longer restricted to values of

1

o i ~ o T AN P -8 o P = - - PN Zo e T3S 4+-2 A / 1 - “ =l
o, fﬁ and ', which satisfy the inequalities (%.1) but can easily
be extended to all 5 fﬂ and /3 values.

By way of illustration we shall consider the special case

{ﬂ:[9=0, ¢.,=0 and ® arbitrary. Then H(w) =1, If moreover
— i

Y 18 an integer, the contour L may be transformed into

the lines L} which we take Im w=+w +¢_. Then the inner
, ks j

ations from L% and

integral of (4, the contri
T M n - :
Lﬁ and a number of poles viz.

I LD S A -0 Y 1
(‘.LQ W = +wW42j61 J=05 71 . s =,

5 o

The contributlions from LH and L, are equal and opposite in sign so




8=

(,'*. T . ey A0 [ .o e - D3
«”k(P;@,Pojqbvaﬂ/ﬂ>ng\ﬁ5¢,lo,wwc+aJﬁ/m>¥.

This is in agreement with the recsult derived by a direct method in

If }%: {Q:C, ¢.,=0 and #,=8 but v not necessarily an integer

from (4.28) also the previous result I(3.6) can be derived. Fc

O
=3

Re W2 Re w we have the expansion
3 00 -MYW _
)! 3 - 1 A\ / nh ] e \ T = N & e Al ' O
(-.)1) Snﬁjho/(uukfho*vh/’u)- Zw\c chmyv w e >

where & =1 and ¢ =2 for m: 1.

o

sion holds of course for Re wo< Reaw, iLf (M.ﬁﬂ) 18

rn

A similar expan
substituted in (4.28) we obtain at first after some elementary re-

ductions
shy w
(4.32) 5 / QXQ{P ch(w ~1¢ )} SRR

2ni o) 6 ol
) chw» Ww~JhVVJ
(
00 -
N v
/ 1 = J
= E chm vw cos my o . L expir chw -mvw ¢dw
L____j c x R V 5 yoo ) /. ‘{ L ()b 0 b4 0 o2
m=

o

Sub
es

Y
%)

stitution of this expression in (%.28) gives at once the required
1

result

o

my

(4.30) G<Pf¢:Pngu> = 8 ! }:: £,608 myecos mv ¢_ K (r) Imv<PO)"

This expansion converges for r ik oD
process can also be applied upon the general expression
Then we obtain eventually
cO.

n &
m=u




*

" Lp) and L‘T‘m

geneous Helmholtz equation

We note that

same boundary conditions as

boundary conditions with y

converg 1S B RN & o T8, (a2

(4.55) at once

would be of




5. Discugssion of the
In the case of a

lution of the G-problem

ay
T A

A Y
Cr( r,

pression not only

1.;(,"} ;:(’\ > 2”/&:/7: j/ Che
given by the expression (4.26). By
¢,r_,9_) in the relevant halfplane is

given but also its continuation in the complementar
For lmpli'it/ we shall assume that 4 ~ie.real-and
been already noted in the previous section that (4.

the required continua

= d e Jf‘ @B ok
(51 R(x,y) “=- f
-00 +1¢C
the solution of the roblem
s =€) o L
(—J-“) (I<?'\5y:“ 5)7(-))
If differentiation in the dir
is symbolically written as D,
VAT d
e e B0
(J.)/ CcoSs —- - g1
e
may be written in the form
(5.4) Dl

[ty

3

once from (

(5.5) D, R(x,y)

Dy
Henee R(X,y) can be interpret
dipoles which makes the angle
itself the reflect
fore (5.2) represents the sum
a dipole
figure

are making

pole at (yﬁyyﬂ) and

+¢ (see

direction

a line of normal dipoles plus
Fy this is obvious, Analytica

(5.6) sh(w+iy)/sh(

5

Lol S e o4

of

N

Substitution

)

~

.

™ /
R(x

(

P

5 Pl

i <V+FO)S

’

Hence

can be

Aners 0

4= S 3 = X - J
Clon obtained

exp( -3

can be written as
3 -
= (TO(‘{J J’O:l 5 4 :'( ":)
ection zw+y with respe

R DO o g
the boundary conditi

2G

=10 at ¥=0
5.4) that

= _“J)/ 5

ed as the contribution

the X-axi

with

sw+)y with
s
of contributionsg
ail

3). The

ed angle th
from

(

Ak

iy radiating from (x

]
J

a simple pole at its
11y this follows from
w-1f) = cos 2 ¥ +-dsstn

) gives
oo +ic

~00 41C

(-xchw+iy

POS1T T
r"\'/;

(«AS)

by varying

end,

)

Iﬁ(xirm,J+J 35
¢t To the X-axils
oh at the X-axis

line of

dipoles

L

8, The

e There -

a logarithmic
Y 1in

SN oL

equivale

the
NG=C0o
Geometrical-

identity

cth(w-1y)

1A a3 ~
Snw )Li W.




I'he flrst term on the right-hand side represents a simple pole of

strength cos BJ at the origin, the second term represents a tail

of normal dipoles. By crossing this tail a jump is made, the amount

of which obviously is determined by the pole w=1y of the integrand,

Using polar coordinates (r,9) we obtain

L

(5.8) R(r,-sw+f+0)-R(r,4w+y-0) =7 sin 2y .

If )Y=0 the boundary condition at y=0 reduces to a simple
Neumann condition. In that case we may say that according to (5.7)
the dipoles annihilate each other and that only a single reflected

pole at (xq,»y remains.

)
o)

gy = %m the dipole tail contains only normal dipoles.

If y=3x we have a Dirichlet condition at y=0. Again there
are no dipoles and a single reflected pole of negative strength
remains at (x_,-y ), or as we may say, there is a source at (XO,yO)
and a sink a
A similar discussion applies to the general case the solution
of which 1is given by (N.28). For simplicity we shall assume that fq
and fg are real, The poles of

-]

(5.9) { ch v (wo--j.c,a/1 )~clly(xv_i4@,l)} N
which are given by
{5.10) wozw—QmGi and w0:~w+(2me+ﬁvﬁ)L,

where m 1s an integer, determine the position of the logarithmic
pole (ro,wo) and its repeated reflections with respect to the sides
¥=¢, of the angle. The geometric picture is of course a Riemannian
plane in the form of a spiral staircase,
By taking the residues we have formally

oo +1c =
(5.19) ZKG(P,QJPOJW Rl ) —iﬁig-exp{—Pch(w_iq)+roch(wdigjndw

(@] " =
-oo+ic  H(w_)
0

We shall show that each term on the right-hand side of (5.11) may be
interpreted as the contribution from a bundle of dipole tails radiats«
ing from a simple pole which is one of the repeated reflections of
(%,qo). In order to show this we may as well take the simpler ex-
pressions

co+ic H )
AN .
L -xp{mrch(wuiw)jdw,

-0 +ic H(w-2méi)




5.13 Yo fis o0 +ic o
(5.13) R!(r,¢) 9% 3 ) H(w) - exp{-ren(uiie)
-0 +ic H(—w+2m@i+ﬁqﬁi>

From the functional relations (%4,

(5.14) H(w) _ Sh(w-ig4i) )sh(w-1g -1y +18)
H(w+261) sh(wmiququ)sh(w~i¢1+1{9+16)

N

7) it follows that

} ST / af /‘
(5.15) ) g
h(mw+21¢1) sh(w-1i 1 Lg )

e e e ek S B e St e s S e Sl < T o 12 .
Therefore in both cases (5.12) and (5.13) we obtain something like

(5.96) o i et exn{«?@h(W~i¢)}dw,

where the and p. easily follow from the relations (5.14) and

&
[ J 3
(5 15). Instead of g1iving general formulae the p. for the first
§ )
f'ew cas P

o)
e given below.

R ol g | : L nAa e
B 2 go,] (po +46 @ »rg)/,':, +0 90'3 -/,.{ +26 (/{,] +/3+3 e

: |
R 2 S :
1 g + 26 PiHlpt0 - ), 20
R O
4 (P/] g QDO 26 ‘f] j o

R
...\O (/JO P
i 2¢, -9
"o g ?atd A% e
R' ouep =D ) e 0O r

1 shis Yo Y%y Ol R

-

rP l & vV a S O T AL 58 = m- = ! N7 2 5
The values of “j are determined by the same scheme with JH and f.
replaced by mj% and -4, 2

It can easi be verified ths: ~onst s C 1) i
can easlily be verified that constants Cy J=01,, . .0 exist
such that
n.  sh(w-ia,) n
) B - =g F1 C. cth(w-1ip
d=d Bh(w—iﬁj> ‘ y

.

i,
S

In fact we have

T
\
-,
(@0

g
C2

|
Q
O
(€]
Ay
™
2
Rt
.
=
(28
S—"
| S




oy
and ‘ )
3 sin(p_-a.
(5.19) G Pl
t j+#m sin(pm«pJ)

The identity (5.19) 1s obviously a generalization of (5.6) and its
consequences are therefore similar to those of the latter relation.

Hence H;(r,q) may be interpreted as the sum of contributions
from a simple pole at the origin and a bundle of tails of normally
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